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Abstract. In this paper we investigate complete critical metrics of the L'^-norm of the 
scalar curvature. We prove that any complete critical metric with positive scalar curvature 
has constant scalar curvature and we characterize complete critical metrics with nonnegative 
scalar curvature in dimension three and four. Moreover, by means of the estimates developed 
in the proof, we prove a rigidity result for static vacuum solutions in any dimension, which 
in turn implies that any complete (0, n + 1)-Einstein manifold is Ricci flat. 



1. Introduction 

Let {M"',g), n > 3, be a n-dimensional smooth Riemannian manifold and consider the 
functional 



S\g) = / R^dVg (1.1) 

on the space of Riemannian metrics on M", where R and dVg denote the scalar curvature 
and the volume form of g respectively. The first variation of in the direction of h reads 

dS^{g)[h] = [ {2R5R + \R^tr{h))dVg 

JM 

= I {-2R Atr{h) + 2R ViVjhij - 2R Rijhij + \R^ tr{h)) dVg 

= [ {- 2AR gij + 2ViVjR - 2RRij + \R^ gij) h,j dVg . 
Jm 



Hence, the Euler-Lagrange equation for a critical metric of 5^ is given by 
or equivalently 



2RRic-2\/^R + 2ARg = \R^ g , 



RRic-V^R = j^R^g, (1.2) 

^R = I^R'^ (1-3) 

where equation (|1.3p is just the trace of (|1.2|) . 

Obviously, if a metric is scalar flat or Einstein, then it satisfies (|1.2p . Moreover, equa- 
tion p.3|) implies that any compact critical metric of is trivial, in the sense that it has 
constant scalar curvature. More precisely, any compact critical metric of 5^ is scalar flat if 
n 7^ 4, whereas it is either scalar flat or Einstein if n = 4. This is clear, since 5^ is not 
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scale-invariant if n 7^ 4. To obtain nontrivial compact critical metrics in this case, one should 
consider the modified functional 



which is scale-invariant. A simple integration by parts argument (see the appendix) shows 
that any compact critical metric of S"^ with nonnegative scalar curvature is either scalar flat 
or Einstein (see Anderson Proposition 1.1] for a proof in dimension three). The existence 
of nontrivial compact critical metrics of 5^ is still an open question. 

In this paper we will focus on complete, possibly noncompact, critical metrics of 5^. Our 
flrst main result characterizes critical metrics with positive scalar curvature. 

Theorem 1.1. Let {M^,g), n > 3, be a complete critical metric of S'^ with positive scalar 
curvature. Then {M^,g) has constant scalar curvature. 

In particular, from equations ()1.2p and (|1.3p . if n 7^ 4, there are no complete critical 
metrics of 5^ with positive scalar curvature, whereas, every complete four-dimensional critical 
metric of with positive scalar curvature is Einstein. Furthermore, by equation (|1.3|) and 
the strong maximum principle, if n < 4 and g is a critical metric with nonnegative scalar 
curvature, then either i? = or ii > on M". As an immediate consequence, we have the 
following characterization of complete critical metrics of iS^ with nonnegative scalar curvature 
in dimension three and four. 

Theorem 1.2. Let {M^,g) be a complete three-dimensional critical metric of with non- 
negative scalar curvature. Then {M^,g) is scalar fiat. 

Theorem 1.3. Let {M^,g) be a complete four-dimensional critical metric of S'^ with non- 
negative scalar curvature. Then {M^,g) is either scalar flat or Einstein with positive scalar 
curvature. 

We do not know if the condition of nonnegative scalar curvature is necessary or can be 
dropped from these two theorems. Theorem 1 1 . 2 1 has to be compared with a result of Anderson 
in [3] concerning the characterization of three-dimensional critical metric of the L^-norm of 
the Ricci curvature 



In fact, Anderson in [3^ Theorem 0.1] proved that every complete three-dimensional critical 
metric of TZ'^ with nonnegative scalar curvature is flat. 

The proof of Theorem 11.11 relies on a gradient estimate for the scalar curvature of critical 
metrics and it is inspired by the classical Yau's estimate for positive harmonic functions on 
complete Riemannian manifolds with nonnegative Ricci curvature [7J. 

It turns out that the method used in the proof of Theorem 11.11 can be applied also to 
prove a rigidity result for static vacuum solutions. These are complete Riemannian manifolds 
{M'",g) satisfying 



Im dv, 





w Ric = V'^w 
Aw = 0, 



(1.4) 
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for some smooth function w on M"'. If ti; > on M", solutions of these equations define 
a Ricci flat (n + l)-dimensional manifold Af"+^ = M" or iV"+i = M" M, with 

Riemannian or Lorentzian metric of the form 

For this reason they have been extensively studied in the physics literature on classical general 
relativity, with particular attention to dimension three. Moreover, it turns out that static 
vacuum solutions arise in the study of degenerations of Yamabe metrics on three-dimensional 
Riemannian manifolds (see [2]). 

A classical result of Lichnerowicz [5l p. 137] implies that if (M^,g) is a complete three- 
dimensional solution to ()1.4p with w > and such that w is asymptotically constant at 
infinity, then w is constant and (M^,g) is Ricci flat (hence flat). Later on, this result was 
improved by Anderson in [21 Theorem 3.2], where the author showed that the assumption 
on the asymptotic behavior of w at infinity is not necessary. By means of the estimates 
developed in the proof of Theorem II. H we will generalize this result in higher dimension, 
with no additional assumptions. 

Theorem 1.4. Let {M^,g), n > 3, be a complete solution to the static vacuum equa- 
tions ()1.4p . If w > on M", then w is constant and {M^,g) is Ricci flat. 

As we have already observed, a n-dimensional static vacuum solution (|1.4|) with positive 
function w > gives rise to a (n + l)-dimensional Ricci flat warped metric. In particular, 
following the notations in [3] , any static vacuum solution (M" , g) with w > defines a so 
called (0, n + 1)-Einstein manifold. As a consequence. Theorem 11.41 can be rephrased as 
follows. 

Theorem 1.5. Any complete (0,n + \)-Einstein manifold is Ricci flat. 



2. Proof of Theorem 11.11 
Let (M",g) be a complete Riemannian manifold satisfying ()1.2p 

RRic-V^R = j^R'g. 
We recall the traced equation (jl.Sp 

AR = j^R^ . 

4(n— 1) 

If {M'^,g) is compact, the maximum principle implies that the scalar curvature of g has to be 
constant and Theorem 11.11 follows . From now on we will assume that {M'^,g) is a complete, 
noncompact, critical metric of 5^ with positive scalar curvature, R > 0. 
Let us define u = logR. From equation ()1.3p . the function u satisfies 

Au = -\Vu\^ + jP^R. 

' ' 4(n— 1) 

Moreover, using Bochner formula, we can compute 

A|Vitp = 2|V2np + 2i?ic(Vn, Vn) + 2(Vn, VAn) 

= 2|v2n[2 + 2Ric{Vu, Vn) - 2(Vn, V|Vup) + ^^^i?|VMp 

= 2|V\p + j^V^R{Vu, Vn) + Vn|^ - 2(Vn, V|Vup) , 
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where in the last equahty we have used the structure equation (|1.2p . On the other hand, one 
has 

2V'^R{Vu,Vu) = 2R-^V^R{VR,VR) 
= R-^{VR,V\VR\^) 
= R{Vu,V\Vu\^) + 2R\Vu\^ . 

Hence, by the previous computation, we have obtained 

A|Vup = 2|V\p - (Vu, V| Vnp) + Vnp + 2|Vn|^ . (2.1) 
Moreover, the standard matrix inequahty [vlp > (1/n) tr(A)'^, imphes at once that 
2[V\P > l\Vu\^ + (^^^R^ - ^^^R\Vu\\ 

' I — n I I Sn(n—1)^ n(n—l) ' ' 

Combining this estimate with (|2.ip yields 

A|Vn|2 > -(Vn, VjVtxp) + f=3n±Sji\yu\2 ^ 2(n+i) |4 J!pfiLi?2 _ (2.2) 

I I — \ 'I I / ' 2n(n— 1) I I 71 I I 8n(n— 1)^ ^ ' 

Choose now to be a nonnegative cut-off function on and let = (p\S/u\'^. Then, at 
any point where (p > 0, estimate (j2.2p implies 

AH = (Av9) [Vup +(^A|Vtip + 2(V99, V[Vup) 

= (Av?)99-iF + (/jA|Vn|2 + 2(/j-i(V(/?,VF) - 2\V ip\^ tp-^ H 

> {Aip)ip-'^H + 2ip-'^{Vip,VH) - 2\Vip\^ip-'^H - {Vu,VH) 

Moreover, Cauchy-Schwartz inequality gives 

^p'^H{Vu,Vip) > -\Vip\ip-'^/'^ H^'"^ 

and we have 

AH > (Aip)ip-'^H + 2ip-^{Vip,VH) -2\Vip\^ip-'^H - {Vu.VH) 

- ^--^1- H^l- + -^RH + + ^^R^ . 

Thus, at a maximum point ^ of -f^i one has 

> {Aip)H -2\Vip\^ip-'^H -\V(p\ip-^/'^ H'^/'^ 

+ 1^^RH+--^H- + ^^-R^ 

> {Aip)H -2\Vip\^ip~^H -\Vip\ip-^/^ H^/^ + ^^H\ (2.3) 

where we have used the fact that R > 0. 

Let = (p{r) be a function of the distance r to a fixed point p € M'^ and let Bs{p) be 
a geodesic ball of radius s. We denote by Cp the cut locus at the point p and we choose (p 
satisfying the following properties: (/? = 1 on i?s(p), 99 = on M" \ B2s{p) and 

-cs"V^''^ < 95'<0 and Iv?"] < cs"^ 

on B2s{p) \ Bs{p) for some positive constant c > 0. In particular, 99 is smooth in M" \ Cp and 
in {B2s{p) \ Bs{p)} \ Cp one has 

|V(^| 99-1/2 < |(^'|(^-i/2 < (2.4) 
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Hence, to conclude the proof it remains to estimate the Laplacian term A(/j. Notice that 

A(/9 = (/5'Ar + if" . 

Let V = —u = — log R. One has 

Thus, by the structure equation (|1.2p . we obtain that the metric g satisfies 

Ric + V^u -dv^dv = j^^z^e'" g>0 

In particular, following the notations in [6], the 1-Bakry-Emery Ricci tensor Ric}, of g defined 
by 

Ricl = Ric + V^f — dv ® dv 

is nonnegative. Hence, by the Laplacian comparison estimate on manifolds with nonnegative 
1-Bakry-Emery Ricci tensor [6, Theorem A.l], for every x G M" \ {Cp,p}, one has 

Ar < (Vr, Vv) + n r""*" 
< [Vu| + n r^"*" 

since s < r. In particular, for every x £ {i?2s(p) \ ^s(p)} \ Cp, we obtain 

A(p = (fi'Ar + if" 

\ / -1/2 LJ'1/2 , / -1 -2 

> if if ' H ' + nip s — cs 

> -cs'^H^/"^ -ncs'"^ - cs'"^ 

for some positive constant Ci > 0. Let us assume that the maximum point pq of H does 
not belong to the cut locus Cp of p. Combining the last estimate with ()2.3p and (|2.4p . at 

Po S M", we get 

for some positive constants 6*2,6*3 > 0. On the other hand, 

for every a > 0. Thus, if a < 2(n + l)/n, we have proved that, if po ^ Cp, then 

H{po) < C^s-\ 

for some positive constants C4 > 0. By letting s — >• +00 we obtain that H = 0, so u is 
constant on M" and g has constant scalar curvature. 

If Po € Cp we argue as follows (this trick is usually referred to Calabi). Let 7 : [0, L] M", 
where L = d{pQ,p), be a minimal geodesic joining p to po, the maximum point of H. Let 
Pc = 7(e) for some £ > 0. Define now 

Hs = ip{d{x,pe + e)\Vu\'^ . 

Since d{x,p^) + £ > d{x,p) and d{po,Pe) + £ = d{po,p), it is easy to see that H^{pq) = H{pq) 
and 

He{x) < H{x) for ah x G M" , 

since ip' < 0. Hence pq is also a maximum point for iif^. Moreover, since d{x,Ps) is smooth 
in a neighborhood of po we can apply the maximum principle argument as before to obtain 



> -Co s-^H - C, s-^H^'^ + HllLtl) ^2 
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an estimate for Hi,{pq) which depends on e. Taking the hmit as e — > 0, we obtain the desired 
estimate on H. 

This concludes the proof of Theorem 11.11 As we have observed in the introduction, Theo- 
rem [T2] and Theorem 11.31 now follows simply by observing that, if n < 4 and 5 is a critical 
metric with nonnegative scalar curvature, then the strong maximum principle implies that 
either i? = or > on M". 



3. Proof of Theorem 11.41 

Let (M" ,g) be a complete static vacuum solution satisfying ()1.4p 

w Ric = V'^w , 
At/; = 0, 

with w > If {M^,g) is compact, the maximum principle implies that w is constant, hence 
{M"',g) is Ricci flat. Prom now on we will assume that {M'^,g) is complete, noncompact. 

We will proceed exactly as in the previous section. Por the sake of completeness we present 
the proof in full details. Let us define u = logw. Since w is harmonic, the function u satisfies 

Au = -jV-up. 

Bochner formula implies 

A[Vup = 2|v2np + 2ffic(Vn,Vn) +2(Vn,VAn) 

= 2|V^np + 2Ric{Vu, Vn) - 2(Vn, V[Vup) 

= 2| V^np + ^W'^wiVu, Vu) - 2{Vu, V| Vnp) , 

where in the last equality we have used the structure equation ()1.4p . On the other hand, one 
has 

= w(Vn, V|Vup) + 2w\Vu\^ . 
Hence, by the previous computation, we have obtained 

A| Vnp = 2| - (Vn, VjVup) + 2|Vu|^ . (3.1) 
Moreover, the standard matrix inequality |j4p > (l/n) tr{A)'^ , implies at once that 

2|V2n|^ > ^iVnl^ 

I I — 72 I I 

Combining this estimate with ()3.ip yields 

A|Vn|2 > _(Vn,V[Vn|2) + 2{!i±l)|Vu|4. (3.2) 

Choose now (/3 to be a nonnegative cut-off function on M" and let H = ^jjVup. Then, at 
any point where (/? > 0, estimate ()2.2p implies 

AH = (Av?)|Vnp + v9A|Vnp + 2(V(/?,V|Vn|2) 

= {Aip)ip-^H + ipA\Vu\^ + 2ip-'^{Vip,VH) - 2\V ip\^ ip-^ H 

> (A(^) <f-^H + 2(/?-^(V(^, VH) - 2\Vip\'^ip-^H - (Vu, VH) 
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Moreover, using the inequality 
we have 

AH > {Aip)ip-^H + 2ip-^{Vip,VH) -2\Vip\'^ip~'^H - {Vu,VH) 
Thus, at a maximum point po € M" of H, one has 

Let ip = (p{r) be a function of the distance r to a fixed point p G and let Bs{p) be a 
geodesic ball of radius s. We choose ip satisfying the following properties: 99 = 1 on Bgip)-, 
= on W\B2s{p) and 

-cs"V^^^ < 95' < and \if"\ < cs~'^ 

on B2s{p) \ Bs{p) for some positive constant c > 0. In particular, ip is smooth in \ Cp and 
in {B2s{p) \ Bs{p)] \ Cp, one has 

|V(/p|(^-i/2 < |(^'|^-i/2 < cs-K (3.3) 

Hence, to conclude the proof it remains to estimate the Laplacian term A(p = ip' Ar + ip" . Let 
V = —u = — logw. By the structure equation (jl.4p . we know that the metric g satisfies 

Ric + V^u - dv(^dv = . 

In particular, following the notations of the previous section, the 1-Bakry-Emery Ricci tensor 
Ric], of g is zero. Hence, by the Laplacian comparison estimates [fij Theorem A.l], for every 
X e \ {Cp,p} one has 

Ar < (Vr, Vf ) + n r""*" 
< [Vu| + n r^^ 
= ip-^I^H^/^+ns-\ 
since s <r. In particular, in x € {B2s{p) \ Bs{p)} \ Cp, we obtain 

Aip = ip' Ar + p" 

> ip'ip-'/^H'/^ + mp's-^-cs-^ 

> -c s'^H'^/'^ - nc s"^ - c 

for some positive constant Ci > 0. Let us assume that the maximum point pQ of H does not 
belong to the cut locus Cp of p. Combining with (|3.2p and (|3.3|) . at po ^ we get 

> -C2 s~^H - C3 s~^H'/^ + ?il}±llH^ , 

for some positive constants 6*2,6*3 > 0. On the other hand, 

Css~'H^/^ < aH' + ^a-K,-^H 

for every a > 0. Thus, if a < 2(n + l)/n, we have proved that, if Po ^ Cp, then 

H{po) < C^s-\ 
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for some positive constants C4 > 0. By letting s — )• +00 we obtain that H = 0, so u is 
constant on M"'. Hence w is constant and {M^,g) is Ricci flat. Reasoning as in the previous 
section, Calabi's trick takes care of the case when the maximum point pq of H occurs at a 
cut point of p. 

This concludes the proof of Theorem 11.41 



4. Appendix 

Let {M^,g), n > 3, be a compact Riemannian manifold and consider the scale-invariant 
functional 

-2/ N _ 



St{g) 



The Euler-Lagrange equation for a critical metric of 5^ is given by 

RRic-V^R = iR^g-l^Rg. (4.1) 

Taking the divergence of (j4.ip . one has 

= Ric{VR, ■) + ^RVR- AVR -^RVR + ^ VAi? 

= Ric{VR, •) + ^Vi?2 - ^VAi? - Ric{VR, •) 

= 4^V((n-4)i?2-4(n-l)Ai?), 

where we have used Schur's identity dR = 2 divRic and the commutation formula for covariant 
derivatives. Hence, one has that any solution of (|4.ip . satisfies 

^R = i^{R'-^)^ (4-2) 

where i?^ = ( fj^j R^ dVg) / ( Jj^j dVg) . Obviously, if a metric is scalar flat of Einstein, then 
is critical for S^. We prove that also the converse is true, if we assume that the critical 
metric has nonnegative scalar curvature. We notice that equation ()4.2p implies that any four 
dimensional critical metric of 5^ has constant scalar curvature and it is either scalar flat or 
Einstein. 

Proposition 4.1. Any compact critical metric of with nonnegative scalar curvature either 
is scalar flat or Einstein. 

Proof. Contracting equation ()4.ip with the Ricci tensor, one has 

R\Ric-^Rgf = R'^S/nR - ^R AR . 

Integrating on M", we get 

/ R\Ric- ^Rg\^ dVg = [ R'^WijRdVg - ^ [ RARdV, 
Jm Jm Jm 

= -\f |Vi?|2 + i / \VR\^dVg 
JM JM 

= / \^R?dVg. 

JM 

Since > 0, this implies that either = or the metric g is Einstein. □ 
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As we have observed in the introduction, this result was proved in dimension three by 
Anderson in [1]. 
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